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ABSTRACT – Thestructure of low energy escapingtrajectoriesin theHill threebody
problemis investigatedusinga Poincaŕe mapthat relatesthecrossingof a planecon-
taining

���
back to the first periapsispassage. This setof periapsisis confinedin a

narrow region which determinestheconditionof escapefrom anyplanetarysatellite.
In particular, theminimumenergy to escapeis obtainedtogetherwith restrictionson
theinitial conditions(inclination,argumentof periapsisandlongitudeof theascending
node).This leadsto a new optimaltransfercriterion for theclassof directlyescaping
trajectories.Savingson theorder of 190m/sin thecaseof Europaare obtainedwhen
compared to a classictwo bodymodel. Theresultsare alsoextendedto the problem
of low energy capture. Numericalapplicationsare given for the casesof Miranda,
Europa,Titan andTriton.

KEYW ORDS: Hill threebodyproblem,Poincaŕe map,escapeandcapture,optimal
transfers,librationpoints.

INTRODUCTION

The presentstudy hasbeenmotivatedby the EuropaOrbiter missionwherethe end of mission
disposalof thespacecraftis an issuefor planetarysecurityprotection,andescapefrom Europaat
theendof missionhasbeeninvestigatedasapossiblesolution.Thispaperis thereforefocusedonthe
caseof planetarysatelliteorbiters,eventhoughtheresultsobtainedareof widerapplicationsincethe
Hill modelusedfor thisanalysisalsogivesagooddescriptionof thedynamicsof coorbitalsatellites
or, moregenerally, of two closemassesin thegravitationalattractionof a largerone([3]). In this
setting,the structureof escapingtrajectorieshaving a Jacobienergy just above the critical value
of the libration points

���
and

���
is investigated,allowing us to draw somepracticalapplications

for thedesignof escapemaneuvers. Using thesymmetrypropertiesof theHill model,the results
obtainedarealsodirectlyapplicableto therelatedproblemof low energy capturetrajectorieswhich
canmodeltheaccretionpropertiesof a planetin formation.We know from classicalresultson the
circularrestrictedthreebodyproblem(CR3BP)thatescapeis only possiblewhenthezerovelocity
surfaceopensat

���
or
���

, settingupaminimalvalueof theJacobiintegral for escape.In thispaper,
trajectoriesareconsideredto have escapedfrom theprimaryunderconsiderationwhenthey cross
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theopeningcloseto
���

or
���

with apositive outwardvelocity. Theanalysisis thereforefocusedon
thedynamicscloseto theprimary, which justifiestheuseof theHill threebodyproblem(H3BP)
as the underlyingmodel. Moreover, the assumptionsof this model are met for most planetary
satellitesof interestin the solarsystem,which makesthis modelwell suitedfor the investigation
of practicalapplications(see[6]). A Poincaŕe mapis usedto relatethe crossingof the escaping
trajectoriesthroughaplanecontainingthelibrationpointswith thepreviousperiapsisradiusvector
of thosetrajectories.This computationis madefor constantvaluesof theJacobienergy, allowing
us to reducethe dimensionalityof the system. The resultingsetof periapsispoints that lead to
escapeis confinedto a narrow region, symmetricaboutthe equatorialplane,which canbe used
to determinetheminimumenergy requiredto escapefrom thesatellite. In particular, theminimal���

to escapefrom the surfaceof a few planetarysatellites(Europa,Titan, MirandaandTriton)
is given. Constraintson the minimal energy and the initial conditionsrequiredfor escapingare
henceobtainedandanew optimalescapecriterioncanbededucedfor therestrictedclassof directly
escapingtrajectoriesstartingin a low circularorbit andusinga singleimpulsive maneuver. Hénon
showed in [4] that quasi-circularperiodicorbits exist in the planarH3BP. Theseorbits have also
beenprovento bestable.For non-zeroinclination,Scheeresetal. showedin [6] thatbelow acritical
inclination( 	�
��� ), low circularorbitsarestableaboutmostplanetarysatellitesin thesolarsytem.
Theseorbitshaveperiodicvariationsin eccentricitywhichcanbeneglectedatfirst approximationin
thecaseof low altitudetrajectories.Therefore,atlow altitudes,wecanassumethataspacecraftis in
a Kepleriancircularorbit andinvestigatehow much

���
is neededfor this spacecraftto escape.In

this paper, we prove thattheminimum
���

to escapeis obtainedfor tangentialburnsat a specified
point in the orbit andthat this minimum decreasesasaltitudeincreases.The optimality of these
transfersis thenproven for the classof directly escapingtrajectoriesusingoneor two impulsive
maneuvers.Givenaninitial altitude,theoptimalJacobiconstantandtheminimum

���
requiredto

reachescapeareobtainedfrom a graph.Thetimeof themaneuver is determinedby a conditionon
thelongitudeof theascendingnodeandtheargumentof periapsisof thetransfertrajectory(takenat
periapsis).Restrictionson theinclinationfor thesetransfersto bepossiblealsoexist, asthe initial
orbit mustbe near-equatorial.Fuel savings on the orderof 190 m/s in the caseof Europacanbe
obtained,ascomparedto a two bodyKeplerianmodel.A simplescalingof theseresultsallows us
to mapour analysisto any planetarysatellite(assumingthe Hill model). Numericalapplications
aregiven for the casesof Miranda,Europa,Titan andTriton, which cover the threetypical cases
emerging from theanalysis.

HILL THREE BODY DYNAMICS

The circular restrictedthreebody problem(CR3BP)describesthe dynamicsof a masslessobject
attractedby two pointmassesrevolving aroundeachotherin acircularorbit. Thismodelhasfound
many applicationsin both astronomyandastrodynamics,indeed,it is the simplestmodelof the
main perturbationof an object in interplanetaryspace(e.g. comet,Jupiter, Sunsytem)or even
for Earthorbitersfor high enoughaltitude(see[5], p55). In particular, this modelgivesa good
descriptionof thedynamicsarounda planetarysatellite.However, in this casewhenthedynamics
is consideredcloseto thesmallerprimary, theHill threebodymodelviewedasa limiting caseof
theCR3BPalsogivesagooddescriptionof thedynamicsandconsistsof asimplersetof equations
(without any freeparameters).TheHill modelhas,however, a muchwider generalitysinceit also
coversthedynamicsof two smallmassesin acircularorbit abouta largerone.In particular, theHill
modelgivesa gooddescriptionof thedynamicsof coorbitalsatellitesandcanbeusedto describe
thedynamicsin planetaryringsor theaccretionpropertiesof planetsin formation(see[3]).
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Equationsof motion

TheHill modelcanbeobtainedfrom theCR3BPby takingthecenterof thecoordinatesystemto
beat thecenterof thesmallerprimaryandletting themassratio of theprimariesgo to zerowhile
scalingthecoordinatesto remainfinite (see[1] for example).Theresultingequationsof motioncan
bewrittenas: ����������� � ������ � �"!�� � � (1)��#�$���%�� � ���� � � (2)�& � ������ &'�(� � & (3)

where � is theangularvelocity of themotionof theprimariesaroundeachother, � is thegravita-
tionalparameterof theattractingbodyof interestand �)�+* � � �"� � �"& � (seeFigure1). Notethat
for �,��- , thepreviousequationsreduceto theclassicaltwo bodyproblem.

x

y

z

Orbiter

Planetary satellite

Planet

Figure 1: Geometryof the Hill problem in the caseof Europa

We immediatelyseethat thesolutions�.��/�021�43�5�6 �87 � , �9�:&;�<��"�=��9�>�&;�:- areparticular
solutionsof theseequations.They correspondto theanalogof theLagrangianpoints

���
and

���
in

theCR3BP, but arenow symmetricabouttheorigin (
� �

is thepoint with negative abscissaand
� �

is theonewith positive abscissa seeFigure2).

Zero velocity surfacesand escape

Similar to theCR3BP, theHill modelhasanontrivial integral of motion,theJacobiconstant? .

? � @�BA � � � � �+@� � ��C !D� � �2& �FE (4)

where A �G* �� � �,�� � �H�& � is the speedof the particle. This constanthasdeepconsequencesfor
thedynamicsof themotion. In particular, thephysicalcondition AJI - in (4) imposesa restriction
on the allowablepositionspacefor the motion at any given valueof ? . Setting A �K- , (4) gives
the implicit definition of a surfaceuponwhich the velocity is zero, thusdelimiting the physical
boundaryof allowablemotion(seeFigure2).
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Figure 2: Zero velocity surfacesin the caseof Europa (planar case)

In our caseit also gives a minimum thresholdthat must be reachedfor escapeto occur. More
precisely, escapebecomespossiblefor ?9LM?NPORQ 5 where

?NSORQ 5 � � @� CUT � � E �47 � (5)

This correspondsto thecritical valueof ? for which thezerovelocity surfacesopenat
���

and
���

.
Escapingtrajectoriesarethosethatcrosseitherplane �2�V� NSORQ 5 in theoutwarddirection. We will
analysesomecharacteristicsof thesetrajectorieswith aJacobiconstantjustabove thecritical value
of ?NPORQ 5 , correspondingto thelowestenergy escapingtrajectoriespossible.

Symmetriesand extensionto the capture problem

As alimiting caseof theCR3BP, theHill modeltakesadvantageof the“almostsymmetries”present
in the CR3BPandturnstheminto exact mathematicalsymmetries.In particular, the equilibrium
points

���
and

���
becomesymmetricabouttheorigin.

More precisely, if
C �XWY�ZW4&[W\��]WX��ZW^�&PWY_ E denotesa solutionof theequationsof motion,thenthetrajec-

toriesobtainedby applyingthefollowing transformationsarealsovalid solutions:C �`WY�aW4&PW`��\W`��ZW^�&PWY_ E b O�c�[�Pd C �e�XWY�ZW4&[WX��`Wf����aWf���&PWf�g_ E (6)C �`WY�aW4&PW`��\W`��ZW^�&PWY_ E b 5�c�[�Pd C �`Wf�g�ZW4&[Wf����\W^��aWf���&PWf�g_ E (7)C �`WY�aW4&PW`��\W`��ZW^�&PWY_ E bih�c�[�Pd C �`WY�aWf�j&[WX��`W`��ZWf�(�&SWY_ E (8)

The compositionof thesethreesymmetriesyield other symmetries,notably the compositionof
(1),(2)and(1),(2),(3)yield:C �`WY�aW4&PWX��`W`��cW^�&[WY_ E bFk�Z�S�Pd C �g�`Wf�g�ZW4&[Wf����\Wf�(��aWX�&PWY_ E (9)C �`WY�aW4&PWX��`W`��cW^�&[WY_ E bil�Z�S�Pd C �g�`Wf�g�ZWf�e&[Wf�(��`Wf����aWf���&PWY_ E (10)

Thislastsymmetryis apuresymmetryabouttheorigin whichresultsin thesymmetryof
� �

and
� �

.
Also from mcn we seethatif o � C �XWY�ZW4&[W`��]W^��ZW^�&[WY_ E is anescapingtrajectoryabout

���
, then mcn C o E

is anescapingtrajectoryabout
� �

. In otherwords,if p C o E is a propertyof an
� �

-escapingtrajec-
tory, then mcn C p C o EYE will be thecorrespondingpropertyof the

���
-escapingtrajectory. Therefore,

we have a 1-1 correspondancebetween
�g�

and
���

andwe canrestricttheanalysisto
���

-escaping
trajectories.
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From m � , we seethat thesameis true for reflectionsaboutthe
C �XWY� E -plane,allowing us to restrict

theanalysisto escapingtrajectorieshaving apositive & -coordinate.This resultwill beusedto sim-
plify thecomputationof thePoincaŕe map.

Thesymmetriesm � and m � involveareflectionin time,indicatingthatif o is anescapingtrajectory,
then m �Yq � C o E will bea capturetrajectory. By this, we meantrajectoriescomingfrom theexterior
region andcrossingtheplanes�(�r� NSORQ 5 with an inwardvelocity. Thesetrajectorieshave at least
oneof theirperiapsisin theHill region,but arenotnecessarilycapturedfor longperiodsof time. As
someexampleswill show, thesetrajectoriesmaydirectly impacttheplanetarysatelliteundercon-
sideration.Thus,applying m � or m � to escapingtrajectories,weimmediatelyobtainacorresponding
characterisationfor capturetrajectories.

Normalisation and scalingto any planetary satellite

Besidesthesesymmetryproperties,theform of theHill equationsof motionallows for thenondi-
mensionalizationof the modelandeliminationof all free parameters.More precisely, by takings �t0u13v5�6 �87 � astheunit lengthand w � �3 astheunit time, theequationsof motiontransforminto
thefollowing parameterlessequations:��x�(���� � � �� � ��!D� (11)��'���g�� � � �� � (12)�& � � &� � �(& (13)

Notethatfrom a formalpointof view, all dimensionalquantitiesarenondimensionalizedby taking�H� @ and � � @ . For example,in thenondimensionalsetting,wehave:

? NPORQ 5 � � @� CRTyE �47 � �z�j�|{ @~} !|{�{�{ (14)� N ORQ 5 � /+� @!B� �87 � �M/�-�{ } T !|{�{�{ (15)

All computationsperformedon Equations(11),(12)and(13) canbedirectlyscaledto any physical
systemmodeledby theHill equationsby simplyscalingof theresults.In particular, all theanalysis
which follows appliesto mostplanetarysatelliteof interestin the solarsystemaswaspreviously
indicatedin [6]. Table1 givesthelengthandtimescalefor Miranda,Europa,TitanandTriton.

Table1: Physicalparametersfor Miranda, Europa,Titan and Triton (computedfrom [2])

Satellite � Orbitalperiod Lengthscale Timescale Radius Normalized
(planet) ( �������F��� ) ( �D�D��� ) ( ��� ) ( �� ) ( ��� ) radius

Europa 3202.8� 13.3 3.551 19692 13.56 1569 � 10 0.079
(Jupiter)

Titan 8979.3� 2.0 15.945 75576 60.90 2575 � 2 0.034
(Saturn)
Miranda 4.73 1.413 1214 5.39 242 � 5 0.199
(Uranus)
Triton 8674.3� 1668 5.877 38406 22.44 1750 � 250 0.045

(Neptune) (Retrograde)

In theremainderof this papercomputationswill beperformedin thenondimensionalsetting,and
someapplicationswill begivenfor thefour casesindicatedabove.
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Notethatthescalingdependsbothonthephysicalparametersof theprimariesaswell astheirorbital
characteristics(meanmotion � ). Therefore,planetarysatellitesof differentmassandradiusmay
have thesameradiusin nondimensionalizedcoordinates.Figure3 shows thedifferentnormalized
radii for thefour satellitesconsidered.
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Figure3: Surfacesof Europa,Titan, Miranda and Triton in nondimensionalscale

POINCARÉ MAP

A Poincaŕe mapgenerallyrefersto theassociationof a discretetime systemgivenaninitial, more
complicated,continuoustime dynamicalsystem.It allows us to reducethe dimensionalityof the
systemby at leastone,andtwo if thereexistsa first integral, asis thecasein theHill model. Our
useof aPoincaŕemapwill bemostlynumerical,giving usaconvenientwayto representsomeprop-
ertiesof theflow andallowing usto numericallyextractsomeconstraintson initial conditions.

Whilegenerallyappliedtoperiodicorbitsor tostudythestructureof flowsnearhomoclinic/heteroclinic
trajectories(see[7] for example),thedefinitionof a Poincaŕe mapreally requiresonly thechoice
of two surfacesof sectionstransversalto theflow in phasespace,andcanbeusedin moregeneral
ways.This studyof thePoincaŕe mapis thestudyof a discretemapfrom onesurfaceof sectionto
thenext one(seeFigure4).

Σ2

Σ1

Flow in phase space

Poincaré map
(Transversal to the flow)

(Transversal to the flow)

Figure 4: Conceptof a Poincaré map
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Computation of the map

For our purpose,we usea maprelatingescapingtrajectories(i.e., having �� L - at �"�%� N 5 near
theequilibrium

���
) backto theirfirst periapsis.Theinitial surfaceof section� � is hencethecross-

sectionof theplane����� N 5 with theHill regionandtheimagesurface � � beingthesetdefinedby
theperiapsiscondition �����- and

�� L - prior to � � . Thetransversalityof thesesurfacesof section
with the flow generatedby the equationsof motion is proven in [8]. As mentionedearlier, there
existsan integral of motion in themodelwhich allows usto reducethedimensionalityof themap
by anadditionaldimension.ThePoincaŕe mapis computedat a givenvalueof theJacobiintegral? , whichmakesthismapa functionof ? .

In the3 dimensionalcase,theresultingPoincaŕe mapis 4 dimensional,which meansthatwe need
four parametersto parametrize� � and � � . On � � we considerthe

C �ZW4& E coordinatesin theplane����� N 5 plustwo anglesfor thedirectionof thevelocityvector, whosemagnitudeis determinedby
theJacobiconstant.With thisparameterization,theinital conditionson � � canbewrittenas:�a�g��� N 5�� ��a�e� A����y a¡u���y Z¢ (16)�y�g��� � ��y�e� Av���y a¡u 4£¥¤g¢ (17)&F�e��& � �&F�e� Av 4£¦¤§¡ (18)

whereA � * � C ? � @F¨ � E � C !D� � �(& � E (nondimensionalizedcase),�e© ¨ ��ª ¢ ª«© ¨ � and �j© ¨ ��ª¡ ª«© ¨ � .
On � � weusethreespatialcoordinates(either

C �XWY�ZW4& E or
C �¬�W¯®gW° E , theperiapsisradius,argument

of periapsisandlongitudeof theascendingnode)plustheinclination. This is merelya convenient
way to obtainpracticalnumericalconditionson escape.Froma graphicalpoint of view, Figure8
give theprojectionof theimageof thePoincaŕe mapontopositionspace.

Notethatin theplanarcase,thePoincaŕemaprequiresonly 2 parameterson � � and � � . Wechoose� and ¢ on � � and
C �`WY� E (or equivalently

C �¬�W²±® E , periapsisradiusandlongitudeof periapsis)on � � .
Figure5 shows thegeometryof thePoincaŕe mapsconsideredin theplanarcase.
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Figure 5: Computation of the Poincaré mapsin the planar case

Giventhe initial conditions(16), (17) and(18), a ³ �$´Dµ¥¶ orderRunge-Kutta-Fehlberg integration
routineis usedto integratethetrajectoriesbackwardto � � . Theinitial pointsarechosenrandomly
on � � . Symmetrym � is usedto restrictthecomputationto thepoints & L - , thesymmetricpoints
being obtainedby directly applying the symmetryat periapsis. Examplesof Poincaŕe mapsat
severalJacobiconstantvaluearegivenin Figure10.
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Results

ThePoincaŕe mapshave beencomputedwith @ -�-J· @ -�- pointsin theplanarcaseand !�-�-J·2!�-�-
pointsin the3 dimensionalcase.Thevaluesof ? vary from ?N 5 � @ -|¸S¹ to ?N 5 �"-�{ @�@ .
Figure6 givesanexampleof a Poincaŕe mapfor ? ���j�|{ @~} in theplanarcase,togetherwith two
close-ups.As appearsimmediatelyon thesefigures,theimageof thePoincaŕe mapis dividedinto
two (numerically)disjointsetsof pointsdenoted�§º� and �§»� . Thefirst one, �§º� , oval shaped,is close
to theprimaryandconfinedto asmallregionof altitudeandlongitudeof periapsis,andcorresponds
to trajectoriesthat comefrom the neighborhoodof the primary. The secondsetof points, �§»� , is
confinedcloseto

� �
andcorrespondsto trajectoriescomingfrom theexterior regionbeforeexiting

again(seeHénonandPetit[3]).
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Figure 6: Exampleof a planar Poincaré map for ? �z�j�|{ @~}
Figure7 illustratesthe different typesof trajectoriesencounteredin the caseof Europa. From a
practicalpointof view, wewill consideronly thefirst region, �§º� , in theremainderof our investiga-
tion, sinceit is themostimportantfor thepraticalapplicationof escapeconditionsfor a planetary
satelliteorbiter.
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Figures8 and9 give a representationof thePoincaŕe mapobtainedwith the samevalueof ? but
now in 3 dimensionalspace.Notably, the

C �XW4& E projectionclearlyshows thesymmetryaboutthe
equatorialplane(asexpectedfrom m � ) andthe

C �DWY¾ E projectionindicatesthe rangeof inclinations
coveredby the velocity vectors. We can seefrom theseresultsthat the extremaof radiusand
longitudeof the ascendingnodein � º� are reachedin the equatorialplaneand the maximumof
inclinationis reachedfor ��ª$� N 5 , theperiapsisof thestablemanifoldassociatedwith

���
.

Figure8: Exampleof a Poincaré map in 3 dimensionswith Titan (J=-2.16)
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Figure 9: Projection fo a Poincaré map on the
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C �DWY¾ E spacescase

Figure10 shows a seriesof Poincaŕe mapsat differentvaluesof Jacobiconstant.It immediately
appearson thesefiguresthatthesetof pointsdefiningthePoincaŕe mapenlargesastheJacobicon-
stantincreasesfrom ?N 5 . At the limit, when ?.	�?N 5 , thePoincaŕe mapreducesto a point which
correspondsto theperiapsisof thestablemanifoldassociatedwith

���
. Formally, this allows usto

classifyall theplanetarysatellitesaccordingto whetheror not thisperiapsisis above or below their
physicalsurface.Mirandais of type1 (periapsisbelow thesurface),Titan andTriton areof type2
(periapsisabove thesurface)andEuropais theexceptionalcase;theperiapsisof theunstableman-
ifold lies at thesurfaceof Europa.We seethatfor type1 satellites,it is possibleto directly escape
thesurfaceof the bodyat theminimal energy necessaryto escape,?N 5 , by performingan impul-
sive thrustat the surface,while for type2 satellites,oneneedto go to higherenergiesto directly
escape(seealsosection“Optimal Transfers”).This classificationhasalsosomeconsequencesfor
thecaptureproblem,asis discussedlater.
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Figure 10: Seriesof Poincaré maps( � º� ) at several valuesof the Jacobiconstant
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As notedabove,as ? variesthecharacteristicsof thePoincaŕe mapsvary. Someof thesevariations
arecapturedin Figures11 and 12 which show the extremaof the radius,longitudeof periapsis
(long. of theascendingnodein 3D), eccentricityandinclinationasa functionof ? . Note thatall
theseextremaarereachedin the equatorialplane. In particular, this correspondsto the condition®.��- � in the3 dimensionalcase.

Thesegraphsshow that the setof first periapsisbeforeescape,� º� , is confinedin a rathernarrow
region even for large valuesof ? . At ? �Á�j�|{Â- � , theopeningat

���
is 4 to 5 timesthe radiusof

Europawhile � º� extendsover lessthan3 radius.
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Figure11: Extremaof radius and longitude of periapsison �§º� asa function of ? (planar case)
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Figure 12: Extremaof eccentricity and inclination on �§º� asa function of ?
As noticedearlier, by applyingthe symmetriesmcÆ and mBn , the previous resultsapply for escape
through

� �
. Thatis, by takingthesymmetrywith respectto theorigin (in phasespace)of thesetof

pointsdefiningthePoincaŕe mapsfor
���

, we obtainthePoincaŕe mapsrelative to
�g�

. As concerns
thecharacteristicpropertiesof thesemaps,only theconditionon ° and ±® arechangedby ashift of© .

Similarly, applying m � and m � , weobtainthePoincaŕe mapsrelative to thecaptureproblem.Again,
nothingchangesin thecurvesgiven in theFigures11 and12, exceptthat ° tranfromsto �j° and±® transformsto ©9�:±® . Herethe type of the satellitedeterminesthe propertiesof captureof low
energy particles.Type1 satelliteshave a large setof trajectoriescomingfrom the exterior region
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that directly impactthe surfaceof the satellitefor valuesof ? closeto the critical value ?N 5 . On
thecontrary, type2 satellitescapturelow energy particlesfor at leastoneperiapsiswithout impact.
Furtherbackwardintegrationindicatesthatthereis noimpactfor at leastthefirst threeperiapsisif ?
is closeenoughto ?N 5 . In thecaseof Europa,a low energy particlemayor maynotdirectly impact
thesurface.

Figure13 givesa representationof thedifferentPoincaŕe mapsat ? �V�e-�{Ç! ��È|É � ¨�Ê � in theplanar
casefor Europa.
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Figure 13: Poincaré mapsfor escapeand capture (caseof Europa ? �z�e-�{Ç! ��È|É � ¨�Ê � )
OPTIMAL TRANSFERS

As mentionedin the introduction,for low altitudesandinclinations,nearlycircularorbitspresent
a small periodicvariationin eccentricity(see[6]). Therefore,undertheseconditionswe canap-
proximatethe motion of a spacecraftby a uniform circular motion andconsiderwhat minimum���

is neededto escapesuchaplanetarysatellitestartingin a low circularorbit (or equivalently, be
capturedinto a low circularorbit).

This questioncanbeviewedfrom two differentpointsof view. Thefirst oneasksif thereis a par-
ticular altitudefor which the

���
to escapeis minimal amongall directescapemaneuversstarting

in low altitudecircularorbits. Thesecondassumesthespacecraftis in a low altitudecircularorbit
andwonderswhat theminimal

���
to escapefrom this givenorbit is. With this lastproblem,one

must investigateall the possibletechniquesto escapestartingin a low circular orbit to obtainan
optimalescapecriterion. Thefirst problemis thenansweredasa consequenceof this criterionand
themethodusedto derive it.

Planar case

Tangential burns are optimal

Whenin a circularorbit, the
���

neededto placea spacecraftinto anarbitrarytrajectorycrossing
thecircularorbit canbeexpressedas:�Ë� ��ÌaÍA �ÎÍA�ÏÇÐ ÌÑ�rÒ A � � A �ÏÓÐ ��� AA�ÏÇÐS���y �Ô (19)
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where A�ÏÇÐ � Ò �Õ is the local circularvelocity at a givenradiusr, A � * � C ? � @F¨ � E ��!D� � is the
speedof thearbitrarytrajectoryand Ô is theflight pathangle.

Fromtheseexpressions,it is clearthat A and
���

(parametrizedby theJacobiconstant? ) increase
with ? , so that we first look at theminimumvalueof

���
for ? � ?N 5 . This meansthat at each

point of the stablemanifoldassociatedwith
� �

, we mustcompareÍA to the local circularvelocity
andlook for theminimumof

���
.

Figure14 gives the resultsof this computationasa function of the radius � . It clearly shows a
minimumat periapsisanda ratherstrongincreasearoundperiapsis.This fact canbe analytically
justifies(see[8]), moreover theresultholdsfor any valuesof ?�Ö - (undersomeweakrestrictions
onradiusandeccentricityatperiapsis).Thisshowsthattheminimum

���
is obtainedfor tangential

burns(i.e. atperiapsis)andthesemaneuversarehencemoreoptimalthananarbitraynon-tangential
maneuver. This fact justifiesa posterioritheuseof thePoincaŕe mapsconsideredin theprevious
sectionto obtainpracticaloptimalcriterionfor escape.
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Figure14:
�Ë�

ascomputedalong the stablemanifold associatedwith
���

It seems,at this point, thattheoptimalvalueof � thatminimizes
���

wouldbetheperiapsisof the
stablemanifoldassociatedwith

���
, but thefollowing sectionsshow how to choosebettervalues.

Strategies to escape

In theprevioussectionwe showedthatalonganescapingtrajectorytheminimum
���

to escapeis
reachedat periapsiswith a tangentialburn. Since Ø~ÙÛÚØiÜ � �Ý L - it alsoshows that this

���
is the

trueoptimalvalueif thealtitudeof theinital circularorbit is exactlyequalto theperiapsisradius� N 5
of thestablemanifoldof

���
. However, for arbitrary � thiscaseis notmetin general.Two strategies

for escapearethenpossible.The first oneconsistsof consideringa larger valueof ? so that the
Poincaŕe mapreachesthegivenradius(i.e., �ËÞ � º� C ?.L+?N 5 E ). Then,a tangentialburn is applied
at the periapsisof an escapingtrajectory. We indeedsaw in the “Results” sectionthat the range
of altitudesreachedby thePoincaŕe mapincreasesas ? increases.Thesecondstrategy consistsof
performinga non-tangentialburn to placethespacecraftin thestablemanifoldof

���
. Thismethod

is only possiblefor � L � N 5 . Thefigurebelow illustratesthegeometryof thetwo strategies(Figure
15).
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Escaping trajectory

Tangential 
    burn

Initial low altitude 
    circular orbit

J>JL2

Escaping trajectory
(stable manifold of L2)

Non-tangential 
       burn

Initial low altitude 
    circular orbit

J=JL2

Figure 15: Strategiesto escape

Notethatin thecase��ª$� N 5 , only thefirst strategy is applicable(in thecaseof single,directescape
transfers).

Let’s for now assume� L � N 5 andcomparethesestrategies. To do so,we computetheminimum���
possibleusingthefirst strategy, the

���
correspondingto thesecondapproachbeinggivenin

Figure14.

Minimum
�Ë�

as a function of ?
For ?$Lr? N 5 thePoincaŕe mapis not reducedto a singlepoint andon this setof periapsis,

���
is

a functionof radius � andlongitudeof periapsis ±® . We show in [8] that for �9ªr-�{Ç! � , Ø~ÙÛÚØ Õ ª%-
andthat theminimum

���
is reachedon theboundaryof thePoincaŕe mapat a point closeto the

maximalradiuspoint in the Poincaŕe map. Denoting
�Ë�[ß�àâá C ? E this minimal valueat a given ? ,

we cannumericallycomputethis valueat several valuesof the Jacobiconstant.The altitude � at
which

���Pß�àãá
is reachedincreaseswith ? so that we canalsocompute

�Ë�[ß�àâá C � E which is more
convenientfor comparingwith Figure14. Figure16givestheresultsof suchcomputations.
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Figure 16: Minimum
���

for escapeasa function of ? and �
We clearly seethat

���[ß�àãá
decreasesasa function of � . This resultallows us to choosethe first

strategy asbeingoptimal. Indeed,for ? � L+?N 5 , ���Pß�àãá Ö ��� C �iW�±®eW ? � E where
C �DW|±® E Þ � º� C ? � E .

Now
��� C �iW�±®uW ? � E Ö ��� µ Õ º8å C �DW|±®eW ? � E where

��� µ Õ ºæå correspondsto the
�Ë�

calculatedat any
point of anescapetrajectoryhaving

C �iW|±®jW ? � E asperiapsis(by theoptimality of tangentialburns).
Therefore,

��� ß�àãá C ? � E Ö �Ë� µ Õ º8å C �iW|±®jW ? � E for any � , ±® in the Poincaŕe map at a given Jacobi
constant? . By thefact that

���[ß�àãá
decreasesas ? increases,we seethat this inequalityis, in fact,

satisfiedfor any
C �DW�±® E Þ �§º� C ?2Ö�? � E .

For ? I ? � , wecanstill show that
�Ë�[ß�àâá Ö ��� µ Õ º8å Cç��W|±®gW ? E for any

ç� Ö � andany ±® (see[8]).
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This provestheglobaloptimality of
�Ë�[ß�àâá

amongall one-impulsemaneuvers. We canmoreover
prove that

���Pß�àãá
is, in fact,optimalamonga largerclassof two impulsesmaneuvers(see[8]).

Optimal criterion

Gatheringall theresultsprovenin theprevioussections,weobtainthefollowing escapecriterion:

Startingin a low circular orbit, at a givenradius � L � N 5 , the minimum
���

neededto directly
escapeis given

���Pß�àãá C � E (seeFigure 17). Theimpulsivethrustmustbetangential to thepathand
theplacementof themaneuveris determinedby ±® C � E , givenin Figure 17.
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Figure17: Optimal
�Ë�

and longitude of periapsisfor escapefor � L � N 5
Applying a tangentialburn at a givenpoint fixestheelementsof thetransfertrajectoryat periapsis.
Therefore,at thetimeof themaneuver, ±® is equalto thepolarangle(which is approximatedby �;_
in a circularorbit).

For �èªV� N 5 , theminimum
���

to escapeis reachednear thepoint � ß�àãá (see[8]). Thevaluesof���
and ±® asa functionof � aregivenin Figure 18.
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Figure18: Optimal
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and longitude of periapsisfor escapefor ��ª$� N 5
Note that this optimal escapecriterion is sufficient andnecessary. In particular, escapeis always
achievedfor a tangential

��� L ��� � ¬ µ . This conditionindeedimpliesthat ?�Lé? � ¬ µ and �§º� C ? Egê� º� C ? � ¬ µ E . TheoptimalpointatJacobiconstant? � ¬ µ henceliesinside � º� C ? E , andis still theperiapsis
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of anescapetrajectory.

Thislastresultmayproveusefulfor applicationssinceit is theexpressionof astabilityof theescape
relative to errorsin the initial thrust. In fact,sincetheoptimalpoint is not isolated,smallerrorsin
thrustdirectionscorrespondto placingthespacecrafton anescapingtrajectorywith periapsisnear
theoptimalvalue.Thatis, escapemaneuversarealsorobust to smallerrorsin thrustdirections.

Figure 17 shows, moreover, that the answerto the first initial questionis negative: thereis no
optimalvalueof � suchthat

���
is minimal amongall directly escapingtransfersfor low circular

orbits. In fact,onecanshow that thereis a minimumfor � L -�{ 
�
 (correspondingto Ø~ÙÛÚØ Õ �:- ),
but theassumptionfor a spacecraftto bein a circularorbit is not valid anymoreandthedefinition
of
���

is lessmeaningful.

Applying theprevious resultsto Miranda,Europa,Titan andTriton, we cancomputetheminimal���
to escapefrom theseplanetarysatellitesstartingin a circularorbit at a low altitude( ë.	 - ).

Thesavingscomparedto aKeplerianescapemaneuver (parabolictrajectory)arealsocomputedand
summarizedin Table2:

Table2: Minimum
���

to escapethe surfaceof Miranda, Europa,Titan and Triton

Satellite
���

scalefactor Nondimensional
���

to escape Savingswhencomp.
( É ¨�Ê ) ���

( É ¨�Ê ) to Kepler. ( É ¨�Ê )
Europa 403.4 1.03 415.5 176.31

Titan 344.7 1.96 675.6 97.9
Miranda 62.5 0.2 12.5 45.4
Triton 475.4 1.63 774.9 147.3

Non-planar case

As noticedin section“Results”,theextremaof � , ° and ¾ over ��º� arereachedat somepoint in the
equatorialplane( &(�t- ) (seeFigure19). This is still true for

���
, for which the minimal value

is reachedat � 	 � ß º4ì . The previous optimal criterion is thereforestill valid in 3 dimensional
space.However in thiscase,onecanaskwhatis theminimum

���
to escapestartingin anon-zero

inclinationinitial orbit.
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Figure 19: Extremaof inclination and
�Ë�

are reachedin the equatorial plane

1Savingsof î¯ï�ðòñ�ó�ô areobtainedwhenstartingin a õð�ðòöFñ altitudecircularorbit
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Variations in inclination

As ? varies,therangesof inclinationreachedby thePoincaŕe mapsincrease,reachingratherlarge
valuesfor largevaluesof ? (seeFigure12).

Theradiuswherethemaximalinclinationis reacheddecreaseswith ? . However, it is still truethat
at any fixed � , themaximumin inclination increaseswith ? . Figure20 givesa seriesof Poincaŕe
mapsatseveralvaluesof Jacobiconstant,projectedontothe

C �iWY¾ E space.
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Figure 20: Projection of a few Poincaré maps( �§º� ) onto the
C �DWY¾ E space

Strategy to escape starting in a non-zero inclined orbit

We have seenin the planarcasethat tangentialmaneuversaremoreoptimal thannon-tangential
ones. This resultsstill holds in the 3 dimensionalcase(see[8]), leadingus to choosethe same
approachto theproblemasin theplanarcase(seesection“Planarcase Strategiesto escape”).

Startingfrom anon-zeroinclination,low altitude,circularorbit (determinedby theradius� andthe
inclination ¾ ), thestrategy to escapeconsistsof increasing? soasthemaximalinclinationreached
by thePoincaŕemapatthegivenradius� equalstheinitial inclination ¾ . Then,atangentialmaneuver
is appliedat thispointof maximalinclination(atfixedradius� ). Sinceweknow thatthismaximum
is reachedin theequatorialplane( &���- ), wehavethecondition®.��- � atthetimeof themaneuver.
Presently, noconditionhasbeenobtainedfor ° . Thiswill becorrectedin thenearfuture.

Next arisesthequestionof theoptimalityof suchanapproach,for which no definiteresultis given
in this paper. However, Figure21 presentstheprojectionof a few Poincaŕe mapsontothe

C �DW ��� E
18



spaceandwecanseethatatany fixedradius� andJacobiconstant? , thevariationsof
���

over the
cross-sectionof thecorrespondingPoincaŕe maparevery small(lessthan0.05in theworstcaseat? �:�j�|{Â- � ). As ? increases,

���
increasesat any fixedpoint. Theseresultsallow usto conclude

that,in thecaseof non-optimalityof thepreviousapproach,thevalueobtainedis very closeto the
trueoptimum.
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Operation of the maneuver

Thepreviousdiscussionprovedtheexistenceof anoptimal
�Ë�

to escapestartingat aninclination¾ . This
���

is well approximatedby thevaluesgivenin Figure21andthismaybesufficient from a
praticalpointof view (lessthan ��- É ¨�Ê errorin thecaseof Europaif theapproachdescribedabove
is notoptimal).Wealsosaw thatthis optimumis reachedfor ®"��- � . No conditionhasbeengiven
for ° exceptfor theboundsgivenin Figure11.

Froma theoreticalpointof view weknow, however, thatwhatever theoptimalvaluefor ° is, it can
betargettedwith anarbitraryprecisionby correctlychoosingthetimeof themaneuver. Indeed,the
positionof thespacecraftat the time of themaneuver fixes ® and ° at theperiapsisof theescape
trajectory. Therefore,asany giventime,we canassociatethepositionof thespacecraftin its inital
orbit with somevaluesof ® and ° thatwould correspondto thevaluestaken if themaneuver was
actuallyperformedat that time. We henceobtaintwo functionsof time ® C _ E and ° C _ E . Sincethe
initial orbit is assumedcircularandtheframeis rotating,thepoint

C ® C _ E W° C _ EYE draws a line on the
torusspaceø -�W��©Zù � , whichindicatesthatany valueof ® and ° canbereachedto arbitraryprecision
by waitingfor asufficiently longtime(assumingthattheslopeof theline

C ® C _ E W° C _ EYE is irrational).
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CONCLUSION

Thestructureof escapingandcapturetrajectoriesin theHill threebodyproblemhasbeeninvesti-
gatedusinga Poincaŕe map. Theextremacharacterizingthesetof periapsisobtained( � , ° and ¾ )
hasbeenshown to bereachedin theequatorialplaneandtheir variationasa functionof theJacobi
constanthasbeengiven. Theseresultshave beenappliedto theproblemof determiningthemini-
mum

���
neededto escapefrom a planetarysatellite,startingin a low altitudecircularorbit. An

optimalcriterionhassbeengiven in theplanarcaseanda practicalapproachhasbeengiven in the
threedimensionalcase.It is shown thattheresultingcostfor escapedecreasesastheinitial altitude
increases.Thecostto escapein thevicinity of a planetarysatelliteis on theorderof the

���
scale

factor,
C � � E �87 � , (which equalsthecostto escapeat theperiapsisof thestablemanifoldassociated

with
���

or
���

). Futurework will try to characterizemorefully theoptimality in the threedimen-
sionalcase.A betterinderstandingof theapparentseparationof thePoincaŕe mapinto two disjoint
setsandthestudyof Poincaŕe mapsbetweenpreviousperiapsispassagesarealsofurthertopicsto
beexplored.
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